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Abstract 
In this paper, we study mock finitely generated modules and Gorenstein injective modules 
which are a generalization of finitely generated modules and injective modules respectively. We 
also discuss invariants for minimal injective resolvents which are analogous to Bass’ invariants 
for minimal injective resolutions. We use these invariants to characterize Gorenstein isolated 
singularities in terms of mock finitely generated Gorenstein injective modules. 
1. Introduction 
R will denote a commutative noetherian ring. 
A linear map $ : E + M with E an injective R-module and M an R-module is said to 
be an injective’precover of M if for any linear map E’+ M with E’ injective, the 
diagram 
E’ 
can be completed to a commutative diagram. 
If furthermore, the diagram 
E’ 
can only be completed by automorphisms of E, then I): E + M is called an injective 
cover. So if an injective cover exists, it is unique up to isomorphism. 
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In [2], it was shown that a ring R is noetherian if and only if every R-module has an 
injective precover and if and only if every R-module has an injective cover. Hence for 
an R-module M, we can construct a complex 
. . +E-‘+E-“+M+O 
where E-O + M, E-’ -+ Ker(E-‘+ M), E-i-2 + Ker(E-‘-’ -+ Em’), i 2 1, are injec- 
tive precovers. This complex is called an injective resolvent of M. If furthermore, the 
maps are injective covers, then the complex is called a minimal injective resolvent. 
We note that an injective resolvent is not exact in general but that the functor 
HomR(E, -) with E an injective R-module makes it exact. So for R-modules M and N, 
Hom,(N, M) is left balanced by injective R-modules (see [3]). Therefore, left derived 
functors of Homs(N, M), denoted by Extr(N, M), can be computed using either an 
injective resolvent of M or an injective resolution of N. We are using the topologists’ 
notation Ext,F(N, M) for Ext,‘(N, M) noting that Ext,‘(N, M) is not the same as 
Exti(N, M). In fact, the natural map 
Ext:(N, M) + Hom,(N, M) 
is not an isomorphism in general. The kernel and cokernel of this map will be denoted 
by I%f(N, M) and mg(N, M) respectively. 
An R-module M is said to be mock finitely generated if for any finitely generated 
R-module N, each of Extr(N, M), Extk(N, M), m!(N, M) and mz(N, M) are 
finitely generated R-modules. All finitely generated R-modules are mock finitely 
generated (Proposition 3.2). Furthermore, if R is Gorenstein, that is, id,R < cc, then 
every Gorenstein injective cosyzygy of a mock finitely generated R-module is also 
mock finitely generated (Lemma 2.9). 
An R-module M is said to be Gorenstein injective if every injective resolvent of M is 
exact and every injective resolution of M is an injective resolvent (see [4] for 
equivalent definitions). We have an abundant supply of Gorenstein injective 
R-modules. For instance, if R is a Gorenstein ring of dimension d, that is, id,R = d, 
then every nth cosyzygy, n 2 d, of an R-module is Gorenstein injective (see [4, 
Theorem 4.21). Hence in this case, every nth cosyzygy of a finitely generated R-module 
is a mock finitely generated Gorenstein injective R-module for n 2 d. We note that 
these cosyzygies are rarely finitely generated. 
The aim of this paper is to study mock finitely generated Gorenstein injective 
modules. In Section 3, we introduce and study invariants for minimal injective 
resolvents that are analogous to Bass’ invariants for minimal injective resolutions. In 
Section 4, we use the preliminary results in Section 2 and the invariants to characterize 
a Gorenstein isolated singularity R, that is, a Gorenstein local ring R such that RP is 
regular for each prime ideal P that is not maximal, in terms of mock finitely generated 
Gorenstein injective modules. For instance, we will show that a Gorenstein local ring 
is an isolated singularity if and only if every reduced mock finitely generated Goren- 
stein injective R-module is artinian (Theorem 4.1). Recall that a module is said to be 
reduced if it has no nonzero injective submodule. 
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2. Preliminary results 
We start with the following: 
Lemma 2.1. Let M be an R-module and Ci be a jth cosyzygy of an R-module N. Then 
EXt”(C’, M) ~ EXt,R,j(N, M) 
.for all i 2 1. 
Proof. We consider the short injective resolution 0 + Ci- ’ + Eiml + Ci -+ 0 for 
j 2 1. Then we have a long exact sequence 
. . . + Exti+r(Ej-r, M)+ EXti+r(Ci-‘, M) 
+ Exti(Ci, M) + Ext,(E’- ‘, M)+ ... 
-+ Ext,(Cj, M)+ ExtI(Eim’, M)-+ Extr(Cj-‘, M) 
+ Ext,(C’, M) + Ext,(Ej- r, M) + Ext,(C’- r, M) + 0 
(see [4]). So Ext,(Cj, M) E Exti+l(C’~‘, M) for i 2 1, and thus inductively 
Exti(C’, M) ~ EXti+j(N, M). 0 
Now let K-‘(M) denote the ith syzygy of the minimal injective resolvent of an 
R-module M, and let ‘+F?~ be the full subcategory of R-modules whose injective 
resolvents are exact. Then we have 
Lemma 2.2. If M E +J!?~, then 
ExtF(N, M) g Exti(N, K-‘(M)) for all i 2 1 
and for all R-modules N. 
B Proof. Let O+ Km’-’ + E-‘-‘---+Epi A E-‘+’ + ... be a partial minimal injec- 
tive resolvent of M. We note that this sequence is exact by assumption. Then it follows 
from the complex 
...+ Hom(N,E-‘-‘)LHom(N, E-i)---%Hom(N,E~i+l)+ . . . 
that 
Ext;(N, M) = 
Ker L? 
_ = Ext;(N, K-‘-‘(M)). 
Im B 
q 
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Corollary 2.3. The following are equivalent for each M E VK. 
(1) Extr(N, M) = Ofor all i 2 1 andfor all NEV~. 
(2) Extf(N, M) = Ofor all NE%?~. 
(3) M is an injective R-module. 
Proof. (1) * (2) and (3) * (1) are trivial. 
(2) + (3) By Lemma 2.2, Ext’(N, Km3(M)) = 0 for all NE%?~. But K-‘(M)E%?~. 
So Ext1(K-2(M), Km3(M))=0 and thus the exact sequence O+ K’(M)+ 
Em2 + K’(M)+ 0 splits. Thus K2(M) is injective and so K’(M) is also injective. 
But then M is injective. 0 
Lemma 2.4. Let M be a reduced R-module and Ic/ : E + M be the inject&e cover of M. 
Then E is the injective envelope of the kernel of $. 
Proof. We simply note that E = E(Ker $) @ E’ where E’ is also an injective 
R-module. But E’ gets mapped isomorphically to a submodule of M. So E’ = 0 since 
M is reduced. 0 
Proposition 2.5. Let R be a Gorenstein ring and PE Spec R. If M is a Gorenstein 
injective R-module, then MP is also a Gorenstein injective R,-module. Furthermore if 
M is reduced, then M, is reduced. 
Proof. Let ... -+ Em2 -+ E-’ + E-O + M + 0 be the minimal injective resolvent of M. 
Then it is exact since M is Gorenstein injective. But kernels of injective covers are 
reduced. So if K = Ker(E-‘+ M), then ... + Em2+ E-l+ K + 0 is a minimal 
injective resolution by Lemma 2.4. Hence the exact sequence ... -+ 
Ei2+ E;l + K, + 0 is also a minimal injective resolution. If Ep i = 0 for some i 2 1, 
then K, is injective and so the exact sequence 0 + K, + Ep” -+ M, + 0 splits and thus 
M, is injective. If EPi are not zero for i 2 1, then setting d = id R, we see that M, is 
a dth cosyzygy and thus is Gorenstein injective. 0 
Corollary 2.6. If R is a Gorenstein isolated singularity, then every Gorenstein injective 
R-module is locally injective on the’punctured spectrum. 
Proof. Let M be a Gorenstein injective R-module, Then MP is a Gorenstein injective 
Rp-module for each P E Spec R by the proposition above. But if P is not maximal, then 
gl dim RP < CC and so Mr is injective. 0 
The following is well known. 
Lemma 2.7. If M is an R-module and N is a finitely generated R-module, then 
Extk(N, M)r z ExtkP(Np, Mr) for all P E Spec R. 
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Proof. See [6] for example. 0 
We are not in a position to prove the following: 
Theorem 2.8. Let R be a Gorenstein ring and M be a Gorenstein injective R-module. If 
C is a cosyzygy of a finitely generated R-module, then 
(1) Ext”(C, M)r z Extp’(Cp, Mr)for all i 2 1 and for all PE Spec R. 
(2) [f M is mockjinitely generated, then Ext”(C, M) is ajinitely generated R-module 
joralli2 1. 
Proof. Let C be ajth cosyzygy of a finitely generated R-module N. Then 
Ext”(C, M) 2 Ext,R,j(N, M) 
by Lemma 2.1 and so Ext”(C, M) is finitely generated if M is mock finitely generated 
proving part (2) of the theorem. 
But Ext,R,j(N, M) z Exti(N, Kpj~‘(M)) by Lemma 2.2. SO 
Ext”(C, M)r E Ext;(N, K-i-j-2(M))p 
2 Ext&(Np, K-i-j-2(M),) (by Lemma 2.7) 
g EXt~~j(Np, Mr) (by Lemma 2.2 since M,EW~, 
by Proposition 2.5). 
But then the result follows from Lemma 2.1. 0 
Remark. It is now easy to see that if N is a finitely generated R-module and M is 
a Gorenstein injective R-module, then Extff(N, M)r z Ex@(N,, Mr). Hence in this 
case, ExtF(N, M)r z ExtF’(Np, Mr) for all i 2 0. 
Lemma 2.9. Let R be a Gorenstein ring. Then every Gorenstein injective cosyzygy of 
a mock finitely generated R-module is also mock finitely generated. 
Proof. Let C be an ith cosyzygy of a mock finitely generated R-module M and let 
N be an R-module. Then Ext’(N, C) z Ext’+’ (N, M). So Ext’(N, C) is finitely 
generated for all finitely generated R-modules N. Hence C is mock finitely generated 
by Corollary 6.4 of [4]. 0 
Now let C’(M) denote the ith cosyzygy of the minimal injective resolution of an 
R-module M and let gR denote the full subcategory of R-modules M such that every 
injective resolution of M is an injective resolvent. Then we have the following: 
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Lemma 2.10. Zf M E 9n, then 
Extk(N, M) z Extf(N, C’+‘(M)) 
for all i 2 1 and for all R-modules N. 
Proof. We consider the partial minimal injective resolution 0 + M -+ E” -+ 
El+ . . . + E’-+ E’+’ + C’+‘(M) + 0. This is also a partial injective resolvent of 
Ci+2(M) since M ~9~. So the result follows. 0 
Theorem 2.11. Let R be a Gorenstein ring, M be a Gorenstein injective R-module, and 
N be a cosyzygy of a$nitely generated R-module. Then 
(1) Extk(N, M)r g Extkp(N,, Mr)for all i 2 1 for all P E Spec R. 
(2) If M is mockfinitely generated, then Extk(N, M) is afinitely generated R-module 
for all i 2 1. 
Proof. M Gorenstein injective means M ~‘27~ n gR. So 
Extk(N, M)r g Extf(N, Cit2(M))r (by Lemma 2.10) 
r Extfp(NP, Ci+2(M)p) (by Theorem 2.8 since C’+‘(M) 
is also Gorenstein injective). 
But MP is Gorenstein injective by Proposition 2.5. So MP E ~22~~. Hence 
ExtFp(NP, Ci+2(M)p) F Ex&(N,, Mr) (by Lemma 2.10). 
If M is mock finitely generated, then Ci+2(M) is also mock finitely generated by 
Lemma 2.9. But Extk(N, M) z Extf(N, Ci+2(M)) and so Extk(N, M) is finitely 
generated. 0 
3. Invariants 
The following lemma is well known. We include a proof here for completeness. 
Lemma 3.1. If M is aJinitely generated R-module and 9 is a prime ideal of R with 
Hom(E(R/S), M # 0, then 9 is a maximal ideal. 
Proof. Let cp E Hom(E(R/P), M), cp # 0. By replacing M with im(cp), we may assume 
q is surjective. And by going modulo a maximal submodule, we may assume M is 
simple. Hence we may assume M = R/J& for a maximal ideal 4?. 
If B $ JZ, let r E 9’ and r $ A. Then for each z E R/_/Z, z # 0, rz # 0. But for each 
~EE(R/Y), r”x = 0 for some n 2 1. So for q(x) = z we would have r”z = 0, a 
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contradiction. Hence 9 c 4. If P # A’, let Y E J%? and r 4 9’. Then rE(R/Y) = E(R/Y) 
but R(R/A’) = 0. So there is no surjective map cp :E(R/Y) + R/J%‘. Hence 9 = JJ%‘. 0 
Proposition 3.2. Everyfinitely generated R-module is mockjinitely generated and has an 
injective cover that is a direct sum ofjnitely many copies of E(RJ.4’) over$nitely many 
maximal ideals A’. 
Proof. Let M be a finitely generated R-module and 4? be a maximal ideal of R. Let 
M’ = {xg M 14”‘~ = 0 for some n 2 11. Then M’ is an artinian R-module and 
Hom(E(R/A), M) = Hom(E(R/J), M’) E Horn 
E(RIJ4 
AVE(R/A)‘~’ 
where A’M’ = 0. But E(R/.&Y)/&“E(R/A) is artinian and annihilated by &P and so 
has finite length. Hence Hom(E(R/&Y), M) is finitely generated. We note that if 
Hom(E(R/&), M) # 0, then &‘E Ass(M). 
Now let N be a finitely generated R-module and 0 -+ N + E” + E’ -+ ... be the 
minimal injective resolution of N. Then E’ = @9ESpecR $(P, N) E(R/P) by Matlis [S] 
were ,U”S are Bass invariants. But #(P, N) < GO for each i by Bass [l]. Furthermore, 
Ass(M) has only finitely many primes since M is finitely generated. Hence it follows 
from Lemma 3.1 that Hom(E’, M) z @ XEAssCMJ$(~, N) Hom(E(Rl4 M). But 
Hom(E(R/&), M) is finitely generated from the above. So Hom(E’, M) is finitely 
generated for each i >_ 0. Thus EXti(N, M) is finitely generated for each i 2 0. We now 
use the exact sequence 
0 + Exto(N, M) + Exto(N, M) -+ Ext’(N, M) + Ext’(N, M) --f 0 
to get that Exto(N, M) and i%‘(N, M) are also finitely generated. Hence M is mock 
finitely generated. 
It follows from Lemma 3.1 that the injective cover of M is direct sum of copies of 
E(R/A) over maximal ideals JZ. But each such J? is an associated prime ideal as 
noted above. So the injective cover is a direct sum of copies of E(R/A) over finitely 
many maximal ideals. We now show that there are only finitely many copies of 
E(R/A) for each such maximal ideal. 
We first recall that Hom(E(R/JCi”), E(M) z (A,)” for some n since HomE(R/M), 
E(R/A!)) FZ i, and p’(M) < co. Hence HomE(R/A), M) is a finitely generated 
R,-module. Let cpl, rp, ,..., cp,~HomE(R/&), M) be generators as an R,-module. 
Then if cp~Hom(E(R/&), M), then cp = Cy=, qiogi for some pi, ~2, . . . , cs 
E Hom(E(R/JCi), E(R/A!)) since Rd z HomE((R/.&), E(RI.4’)). This means that we 
can complete 
to a commutative diagram. 
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Now let E --) M be the injective cover of M and let E = El 0 E2 where El is the 
direct sum of all copies of E(R/A’) is some decomposition of E into indecomposible 
injective R-modules. Then by the above, we can complete 
E(lL#iiM 
(Vl.....‘pS) 
to a commutative diagram. 
E = E, @E, 
But then 
can be completed to a commutative diagram. So E(R/A?)” @ E2 + M is an injective 
precover and hence E is a direct summand of E(R/A?)” @ E,. Thus the injective cover 
of M has finitely many copies of E(R/.A). q 
Now, let . ..+E-‘+E-’ -+ M + 0 be the minimal injective resolvent of an R- 
module M. Then we will let Ui(P, M) denote the number of components of E-’ that are 
isomorphic to E(R/P). Thus 
E-’ ~ 0 Vi(P, M)E(R/P). 
PE Spec R 
Then the following is analogous to Bass’ result in [l] and its proof is the proof of 
Bass invariants applied to minimal injective resolvents. 
Proposition 3.3, Let R be a local ring with maximal ideal A? and residue field k, and let 
M be a reduced R-module. Then 
Ui(&j M) = dimk EXtf(k, M). 
If furthermore M is mock jinitely generated, then Vi(~, M) < cc for all i. 
Proof. Let . ..~E-i-l_rE-id“...~E-1-E-O~ dl M + 0 be a minimal in- 
jective resolvent of M. Then 
HomR(k, E-‘) r Hom 
( 
k, CgCcR ni(R, WR(RIR) 
> 
2 Hom(k, ui(A, M)E(R/A)) @ Horn k, @ Ui(Pp M)E(R/P) 
P#“H > 
r Vi(JG?, M)k 
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since 
Hom(k, E(RIP)) = 
k if P = A’, 
0 if p z A 
SO ni(A’, M) = dimk Hom(k, E-‘). 
Now let o~Hom(k, E-‘) be a nonzero map. Then we first note that a(k) E k. But 
Ker di = K-‘-l L* E-’ is an essential extension by Lemma 2.4 noting that M is 
reduced and the kernel of an injective cover is reduced. Therefore a(k) n Ker di # 0 
and so a(k) c Ker di since o(k) z k. Hence the map Hom(k, Ep’) + Hom(k, Em’+‘) in 
the deleted complex 
... -+ Hom(k, E-‘) --f Hom(k, E-‘+I)-+ ... + Hom(k, E-O)+ 0 
is the zero map. So EXti(k, M) z Hom(k, Ep’) and thus the result follows. 0 
Theorem 3.4. Let R be a Gorenstein ring and M be a reduced Gorenstein injective 
R-module. Then for each P E Spec R, 
vi(P, M) = dimk(P,Ext!p(k(P), Mr) = dim,(,,Extr(R/P, M),. 
If M is furthermore mockhnitely generated, then v,(P, M) < CC for all i. 
Proof. By Proposition 2.5, minimal injective resolvents of M are preserved by local- 
izations. Hence vi(P, M) = vi(PRp, Mr). Therefore, the result follows from Proposi- 
tion 3.3 and the remark after Theorem 2.8. 0 
Remarks. We note that it follows from Bass’ work in [l] that if M is mock finitely 
generated, then all the Bass invariants, #(P, M), are finite, and that if P, Q E Spec R are 
such that P 5 Q with no primes in between, then p’(P, M) # 0 implies pi+ ‘(Q, M) # 0. 
Using Ext”(N, M) instead of Extk(N, M) and Theorem 3.4 above, we similarly get 
that if M is a reduced mock finitely generated Gorenstein injective R-module and P, Q 
are as above, then vi(P, M) # 0 implies Ui_ r(Q, M) # 0. 
4. Gorenstein Isolated Singularities 
Our aim in this section is to prove the following result, some parts of which are 
analogous to the well known results concerning finitely generated maximal Cohen- 
Macaulay modules over Cohen-Macaulay rings (see Yoshino [7]). 
Theorem 4.1. If R is a Gorenstein local ring of dimension d, then the following are 
equivalent. 
(1) (R, A?, k) is an isolated singularity. 
(2) Every Gorenstein injective R-module is locally injective on the punctured spectrum 
ofR. 
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(3) Every reduced mock finitely generated Gorenstein injective R-module is 
artinian. 
(4) Every nth cosyzygy of a minimal injective resolution of a mock finitely generated 
R-module is artinian for n 2 d + 1. 
(5) Every nth syzygy of a minimal injective resolvent of a reduced mock finitely 
generated R-module is artinian for n 2 d + 1. 
(6) Ext$(N, M) (respectively Extf(N, M)) is of$nite length for all cosyzygies N of 
finitely generated R-modules and for all mock finitely generated Gorenstein 
injective R-modules M. 
(7) Exti(N, M) (respectively Extf(N, M)) is ofJinite length for all Gorenstein injec- 
tive R-modules N and M that are cosyzygies ofjinitely generated R-modules. 
Proof. (1) * (2) is Corollary 2.6. 
(2) + (3) Let M be a reduced mock finitely generated Gorenstein injective 
R-module. Then M, is injective for all P E Spec R -- {A}. But MP is reduced since 
M is by Proposition 2.5. So MP = 0. Therefore Supp M = {A}. Hence the injective 
envelope of M is a direct sum of copies of E(k). But pO(A, M) < cx) since M is mock 
finitely generated. So M is artinian. 
(3) * (4) If M is an nth cosyzygy of a minimal injective resolution of a mock finitely 
generated R-module where n 2 d + 1, then M is a reduced Gorenstein injective 
R-module by Enochs-Jenda [4, Theorem 4.21 and is mock finitely generated by 
Lemma 2.9. Hence M is artinian. 
(4) =z- (1) We consider the minimal injective resolution 0 + R/P --* E” + 
E’ + . . . _+ Ed_, Cd+’ + 0 where P E Spec R - {A}. Then R/P is mock finitely gener- 
ated by Proposition 3.2 and therefore Cd+’ is artinian by assumption. So 
Ed+’ = E(k)’ for some r. Hence E$+’ = 0. Thus id(R/P)p I d and so RP is regular. 
(2)*(5) LetO-rM+E~“+‘~E~“+2+~~~+E-1+E~o-+N~Obeapartial 
minimal injective resolvent of a reduced mock finitely generated R-module N. If 
n 2 d + 1, then M is Gorenstein injective by [4, Theorem 4.31 and so M, is injective 
for all P E Spec R - {A} by assumption. But M is reduced since it is a kernel of an 
injective cover and so MP = 0 for such primes P. Thus the injective envelope, E(M), of 
M is a direct sum of copies of E(k) as above. But E(M) E E-“+’ by Lemma 2.4 and 
IJ,_ 1(A, N) < cc by Proposition 3.3. Hence M is artinian. 
(5) * (1) We again consider the minimal injective resolution 0 + 
RIP~E”_,E1~..._,Ed-_,Cd+’ . -+ 0 If Cd+’ = 0, then we are done. If Cd+’ # 0, 
then i.d.Cd’ ’ = co since i.d.R/P 5 d or is infinite. But every cosyzygy of R/P is mock 
finitely generated by Lemma 2.9 and Proposition 3.2. Furthermore, every nth cosyzygy, 
n 2 d + 1, is reduced by Proposition 3.1 of [4]. So since C d+ ’ is Gorenstein injective, we 
see that Cd” is a (d + 1)th syzygy of a minimal injective resolvent of a reduced mock 
finitely generated R-module and hence is artinian. Thus RP is regular as before. 
(2) =z= (6) Exti(N, M) is finitely generated and Exti(N, M)P s Exti,(Np, MP) for 
all P E Spec R by Theorem 2.11. So if P # A!, then Exti(N, M)p = 0. Thus P $ 
Supp Exti(N, M) for all P # A. Hence Ext$(N, M) is of finite length. 
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Similarly, Extf(N, M) is finitely generated and ExtP(N, M)P = 0 for all 
P E Spec R - (A} by Theorem 2.8. Hence Extr(N, M) is of finite length. 
(6) * (7) We simply note that M is mock finitely generated by Lemma 2.9 and 
Proposition 3.2. 
(7) 3 (1) We once more consider the minimal injective resolution 0 + 
RIP~E”_,E1~...~Ed~Cd+‘~O. In the short injective resolution 
O+Cd+Ed+Cd+‘+O,bothCdandCd+’ are Gorenstein injective modules and so 
Ext&(C;+‘, C;) z Ext;(Cd+ ‘, Cd)p by Theorem 2.11. But Exti(Cd+‘, Cd)p = 0 for all 
P E Spec R - {.A’} by assumption. Thus the sequence 0 -+ C$ + E$ + C$+ ’ --f 0 splits 
and hence C$ is injective. Therefore, Pp is regular. 
Now by Lemma 2.10, Ext;(Cd+r, Cd) g Ext:(Cd+ ‘, Cd+4). So 
Ext$;+ ‘, C;) g Ext;(Cd+‘, Cd)p g Extk(Cd+‘, Cd+4)p. But ExtT(Cd+ ‘, Cd+4)p = 0 
for all P # A? by assumption. Hence RP is regular as above. 0 
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